This paper is concerned with the global existence of solutions for the semilinear nonlocal fractional Cauchy problem of the Schrödinger equation. Firstly, based on the Schrödinger approximation technique and the theory of a family of potential wells, the authors obtain the invariant sets and vacuum isolating of global solutions including the critical case. Then, the global existence of solutions and the stability of equilibrium points are discussed. Finally, the global asymptotic stability of the unique positive equilibrium point of the system is proved by applying the Leray-Schauder alternative fixed point theorem.
Introduction
The semilinear Schrödinger equation serves widely the field of nonlinear science, ranging from condensed matter physics to biology [1] [2] [3] . Solutions of the fractional Cauchy problem exist in the semilinear Schrödinger equations and have been observed in experiments [4, 5] . In the past decade, the existence of solutions of the fractional Cauchy problem of the semilinear Schrödinger equations has been a very hot topic [6] [7] [8] [9] . Methods such as the principle of anticontinuity, center manifold reduction, and variational methods were used. However, only a few results were obtained on the existence of global solutions for the semilinear nonlocal fractional Cauchy problem of the Schrödinger equation. Since it appears in inflation cosmology and supersymmetric field theories, quantum mechanics, and nuclear physics [10] [11] [12] , the sublinear nonlinearity is of much interest in physics. How the sublinear nonlinearity affects the existence of global solutions for the semilinear nonlocal fractional Cauchy problem of the Schrödinger equation remains to be fully understood.
In this paper, we study the semilinear nonlocal fractional Cauchy problem of the Schrödinger equation:
f (0, x) = f 0 (x), (1.1) where i = √ -1, 2 = is the biharmonic operator, is the Laplace operator in R n ;
f (x, t) : R n × [0, L) → C denotes the complex-valued function, L is the maximum existence time; n is the space dimension, and p satisfies the embedding condition
It is worth mentioning that variational methods are powerful for obtaining the existence of solutions of fourth-order semilinear Schrödinger equation because of their strong physical background. In particular, the following equation has been widely studied (see [13] ):
where γ ∈ R, p ≥ 1, and the space dimension is no more than three. Problem (1.3) describes a stable soliton, specially, there are solitons in magnetic materials for p = 1 in a 3-D space.
Using the Strichartz-type estimates and Gagliardo-Nirenberg's inequalities, Zhang et al. [14] proved the existence of a global solution to the Cauchy problem (1.4) under each of the following three sets of conditions:
(i) > 0; (ii) < 0 and pn < 3; (iii) < 0, pn = 3, and
It is easy to verify that (1.4) implies (1.3) by using the L'Hospital rule. Moreover, we prove that if f is not sublinear, the zero solution is isolated from other homoclinic solutions. The oddness assumption on f is important since it is necessary for applying the variant Clark theorem.
In 2019, Sun [15] studied the Cauchy problem of the equation
where λ ∈ R and μ = 0.
Let n = 1, 2, 3, by the standard contraction mapping argument, a local solution for f 0 ∈ H k and k > n 2 was obtained. Then the authors obtained a global solution of (1.5) with νf 2p instead of f (|f | 2 ) for each of the following three sets of conditions:
(i) μν > 0;
(ii) μν < 0 and 0 < pn < 3;
(iii) μν < 0, pn ≥ 3, and the initial data f 0 3 3 ≤ c * , where 0 < c * ≤ 1. Equation (1.5) with the zero solution can been classified into the following two types: (i) the zero solution is an accumulation point of the set of all homoclinic solutions; (ii) the zero solution is an isolated point of the set of all homoclinic solutions. In the above statement, we adopt the H 2 -topology. Then types (i) and (ii) are rewritten as follows:
(i) There exists a sequence of nontrivial homoclinic solutions for (1.5) whose l ∞ -norm converges to zero; (ii) There exists a constant C > 0 such that f ∞ ≥ C > 0 for all nontrivial homoclinic solutions f of (1.5). Unlike type (i), many existing results concentrated on the existence of a sequence of solutions going to infinity. However, we mainly focus on types (i) and (ii). The most typical example of type (I) is as follows (see [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] 
and that f ∈ C 1 ([0, L]; L p ‫))ג(‬ for all p ∈ (0, 1) in the second class.
In this paper, we use a modified Schrödinger-type identity posted by Zhang et al. [14] and prove the existence of global solutions for the semilinear nonlocal fractional Cauchy problem of the Schrödinger equation.
The present article is organized as follows. In the next section, we establish a modified Schrödinger-type identity associated with semilinear Schrödinger operator. Section 3 is the statement of our main results and its explanation, and then we investigate the linear stability of equilibria by means of spectrum and semigroups of operators.
A modified Schrödinger-type identity
To obtain the main results, for the reader's convenience, we include this section by citing some basic notations and some known results from the critical point theory.
We first define the Hilbert space
the Schrödinger-type energy functional
2)
and
Next we define the Nehari manifold by
Set c = inf f ∈M P(f ). So the stable set G and the unstable set B are defined by
respectively (see [27] ).
(ii). For the set B, if P(f ) ≤ 0, then we know that E(f ) < 0, which is a sufficient condition for finite time blow-up. So we only consider E(f ) > 0, i.e., we only need
Now we present a modified Schrödinger-type identity for problem (1.1), which plays a central role in our study.
Let J(t) = R n |x| 3 |f | 2 dx, then the modified Schrödinger-type identity is given by
Proof of Theorem 2.1 It follows that
which yields that
5)
where
Now we estimate K 1 and K 2 . It is obvious that (see [28] )
which together with (2.5) gives that
To estimate K 2 , note that
Hence, by (2.5), we deduce that
Set
For the corresponding semilinear nonlocal fractional Cauchy problem, the modified Schrödinger-type identity with respect to x is employed to get the Schrödinger equations of t. However, since an additional variable x is involved for semilinear nonlocal fractional Cauchy problems, an additional modified Schrödinger-type identity is needed for the analysis (see [29, 30] ). After careful consideration, we find it to be effective and befitting the Schrödinger well-posedness analysis.
Furthermore, taking the Fourier transform of (2.6) and (2.7) with respect to x and combining the above estimates, we obtain
The causality of the semilinear nonlocal fractional Cauchy problem implies the finite Schrödinger energy at each time (see [31] ). Thus
The inverse Schrödinger-type identity gives that
Based on the above analysis, there is always an inverse Schrödinger-type identity with the strong inversion formula. For simplification, assume that the strong inversion Schrödinger-type identity can be used to estimate I 2 .
On the other hand,
Thus
It is this estimate that allows us to use L 1 rather than L ∞ -bounds (see [32] ). We have
We can choose p small enough, and it also follows from the same approach that
We substitute the above estimates to the right-hand side of (2.8) to get the desired result.
Main results
In this section, we shall state and prove our main result.
We first introduce the local existence theory of the global solution for the semilinear nonlocal fractional Cauchy problem (1.1). Proof of Lemma 3.2 Indeed, we only prove that G is invariant. B is proved in a similar way. Considering the fact that f 0 ∈ G, we obtain that f (x, t) ∈ G, where x ∈ (0, L).
The possibilities are as follows: Case 1. f 0 = 0. Clearly, f (x, t) = 0, where x ∈ [0, L). In a similar way we get that f (x, t) ≡ 0 is also the global solution for the semilinear nonlocal fractional Cauchy problem (1.1) in C([0, L]; H 2 ). Thus f (x, t) ∈ G, where x ∈ (0, L).
Case 2. f 0 = 0. Note that from Lemma 3.1 we infer that P f (x, t) ≡ P(f 0 ) < d for any x ∈ (0, L).
(3.1) Therefore, there exists t 1 ∈ (0, L) such that I(f (x, t 1 )) = 0. Also, for any x ∈ (0, t 1 ), I(f (x, t)) > 0. It is easily seen that f (x, t 1 ) = 0. Suppose first that f (x, t 1 ) = 0. Then, by the mass conservation law, we know that f 0 = 0, a contraction.
